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Exercise 4B

1 a Isinh3x cosh x dx
Let f(x)=sinhx = f'(x) = cosh x

Using J.[f(x)]nf’(x) dx = [fix%HJr c gives:

jsinh3x cosh xdx = isinh4 x+c

b [tanh4xdx
Let f(x)=4x=>1'(x)=4
Using the chain rule,

j tanh4xdx = i.[ 4tanh 4xdx = iln(cosh 4x)

c Itanhsx sech” x dx
Let f(x) =tanh x = f'(x) =sech’ x
n+l
n f
Using J.[f(x)] f'(x) dx = [51+)9+ c gives:

J.tanhsx sech? xdx = %tanh6 xX+c

d -[cosech7x coth x dx

Let f(x)=cosechx = f'(x) = —cosechx coth x

n+l
n f
Using J.[f(x)] f'(x) dx = [i+)9+ c gives:
_[ cosech’x coth xdx = —J cosech’x(—cosechx coth x) dx

1
= —7cosech7x +c

1
e I v/cosh 2x sinh2xdx = jcoshz 2x (sinh 2x) dx
1
= % [ cosh? 2x(2sinh 2x) dx
Let f(x)=cosh 2x = f'(x) = 2sinh 2x

Using '[[f(x)]"f’(x) dx = %+ c gives:

3
2
j\/costh sinh2xdx=% cosh? x +c

3
2
3
=—cosh? x+c¢
3
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1f J.sechlo 3xtanh3x dx = —j sech’ 3x (—sech 3xtanh 3x) dx

= —%jsech9 3x (—3sech3xtanh 3x) dx

Let f(x)=sech’ 3x = f'(x) = —3sech 3x tanh 3x
n+l
" f
Using J.[f(x)] f'(x) dx = %4‘ c gives:
n+

jsechlo 3xtanh 3xdx = —%(% sech' 3xj +c

= —Lsech10 3x+c¢
30

) 2 j sinh x 1 J- 3sinh x

2+3coshx 2+3coshx
Let f(x)=2+3coshx:f (x)=3sinhx

Using I#dx =

(x)

ln|f(x)| +c gives:

J‘ﬂdx=lln(2+3coshx)+c
2+3coshx 3
1+ tanh x tanh x
b = dx + dx
j cosh? x J.cosh2 X J‘coshz X

= J.sechz xdx+ J.tanh xsech? xdx
=tanh x + I tanh xsech? x dx
Let f(x)=tanhx = f'(x) =sech’ x

n+l1
n f
Using J. [f (x)] f'(x) dx = |:51+2|+ c on the remaining integral gives:

J‘mdx=tanhx—%tanh2x+c

cosh? x

Alternative Solution

J-1+tanzhxdx=J- 12 dx+I tanhzx dr
cosh” x cosh” x cosh” x

= J.sechzxdx + Itanh xsech? xdx

= tanhx—jsechx(—sechxtanh x)dx
Let f(x)=sechx = f'(x) = —sech x tanh x

n+l1
" f
Using J. [f (x)] [ ] + ¢ on the remaining integral gives:
jm dx = tanhx—lsech2 x+c
cosh™ x 2

Note that the two solutions are equivalent, as tanh” x +sech” x +c and c is an arbitrary constant.

jSCOth"'zsmhx dx:Jde+2Itanhxdx
cosh x

=5x+2Incoshx+c
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3 a J.cothxdx j dx

tanh x
J- cosh x

sinh x
Let f(x) =sinhx = f'(x) =cosh x

Using I#dx =

(x)

dx =In(sinhx)+c as required.

ln|f(x)| +c gives:

_[ cosh x

sinh x

3b jcothzxdx Itanth

,[ cosh 2x
sinh 2x
B J- 2cosh 2x

sinh 2x
Let f(x)= s1nh 2x = f'(x) =2cosh2x

x)) dx = 1n|f(x)|+c gives:

_[ 2cosh 2x

= —ln (sinh2x)+c

= ln A/sinh2x +¢
2 _
[ coth 2:xdx =] In Vsinh 2x12
1

sinh 2x

r 2

=|In %(ez" —ez")}

e )
EE=S

=In (e2 +e”’ ) as required

Il
5
g
—
(¢]
(S}
+
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4 a jxsinhsxdx

Use integration by parts with:

du
u=x—=>—=1

2: sinh3x=v :lcosh3x
dx 3

jxsinh3xdx zéxcosh3x—§jcosh3xdx

:éxcosh3x—ésinh3xdx+c

b _[ xsech® xdx
Use integration by parts with:
du
u=x=>—=1
dx
&V —sech? x = v = tanh x
dx

jxsechzxdx:xtanhx—jtanhxdx

= xtanhx—In(coshx)+c

5 a Iex coshxdx:je“‘[ex J;e_xjdx
:%j(ez" +1)dx
:%Iezxdx+%jdx

1, 1
=—e"+—x+c
4 2

3x _ —3x
b je_z" sinh 3xdx = '[e_zx (Lj dx
2
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X —-X 3x —3x
5 ¢ jcoshxcosh3xdxzj(e J;e j[e J;e ]dx

(e ve) (e + e )dx
) )

= %J‘(e“ +e " e +e*4")dx

=%je4"dx+%.[e2xdx+%'|‘ezxdx+%.[e4’“dx

1 1 _ 1 I _
4x__62x _62x__e4x+c

=—=¢
16 8 8 16

=%(e4x_e—4x)+%<62x_e—2x)+c

1 e4x _e—4x 1 er _ e—2x
=—| ————— |[+—| ——— |+¢
8 2 4 2

:lsinh4x+lsinh2x+c
8 4

X —3X 2
6 jcosh23xdx=j(#] dx

=%I(eéx+e"6x+2)dx

=%J'eéxdx+%_|.e_6"dx+%]-dx

1 | 1
=—e"——e ™ +—x+c

24 24 2
1

24

1 eéx_e—6x 1
=—| ——— |[+=x+c
12 2 2

=Lsinh6x+lx+c
12 2

(eé" —e"6x)+%x+c

Which is the same answer as found in Example 5b
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1 cosh x —sinh
J

7 - =
jsinhx+coshx (sinh x + cosh x ) (cosh x —sinh )

J- cosh x —sinh
- . . 2 2 .
sinh x cosh x —sinh” x + cosh” x —sinh x cosh x

='[ cosh x —sinh dr

cosh? x —sinh? x
= I(coshx—sinh)dx

Therefore:
1

J— coshx sinh x)dx
sinh x + cosh x

1
=]
0
1
J.coshxdx Ismhxdx
0

sinh x - [cosh x]

i e

1
=— e —-e " —e' —¢ }
2 0

-1
€

8 a jsinhzxdx:%_[(costh—l)dx
:%Icosh2xdx—%jdx

:lsinh2x—lx+c
4 2

b I(sechx— tanh x)” dx = J(sechz x +tanh” x — 2sech x tanh x)dx
= I(l— tanh” x + tanh” x — 2 sech x tanh x)dx
:J.(1—2sechxtanhx)dx
:.[dx—2jsechxtanhxdx

=x+2sechx+c
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. j cosh’ 3x I 1+ sinh? 3x
sinh? 3x smh2 3x

dx+jdx

- I sinh2 3x
= Icosech23xdx + Idx

:—écoth3x+x+c

d Isinhz xcosh? xdx = I sinh x cosh x sinh x cosh x dx

= i'[(2 sinh x cosh x)(2sinh x cosh x) dx

= %I(sinh 2)()2 dx

:lj-(cosh4x—ljdx
4 2
:%Jcosh4xdx—%jdx

:isinh4x—lx+c
32 8

e '[coshs xdx = J.(l +sinh® x)(l +sinh® x)coshxdx
= I(l +2sinh® x +sinh* x)coshxdx
= J.(coshx+ 2sinh” x cosh x +sinh* x cosh x)dx
= Jcoshxdx+ 2.|.(sinh2 xcosh x) dx + J.(sinh4 xcosh x)dx
Let f(x)=sinhx=> f'(x)=coshx
n+l
Using '[[f(x)]nf’(x) dx = [fi+)g+ c gives:

jcoshs xdx = sinhx+§sinh3 x+%sinh5 x+c
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8 f [tanh’ 2xdx = [tanh’ 2xtanh 2x dx
= I(l —sech? Zx) tanh 2x dx
= I(tanh 2x —tanh 2x sech’ 2x) dx

- J(tanh 2x —%(tanh 2)c)(2sech2 2x)j dx

1
= Itanh Zxdx—Ej(tanh 2x)(2sech22x) dx
Let f(x)=tanh2x = f'(x)=2sech’ 2x

Using J.[f(x)]nf’(x) dx = [fi+)9+ c gives:

jtanh3 2xdx = %ln (cosh2x) —%tanh2 2x+c¢

Alternative solutions may give I tanh® 2x dx = %ln (cosh 2x)+ %sech2 2x+c

Note that the two solutions are equivalent, as tanh® x +sech’ x +c¢ and c is an arbitrary constant.

In2
9 j cosh? (z)dx
0 2

Let u=£
2

2
cosh2u:£e e ]
2

= —(ez" +e M+ 2)

= é(3 +In16) as required
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10 y =sinhx
_ex_e—x
2
b
V njyzdx
1a ex_e—x 2
(%5 l
0
1
Ie +e
0
o 1
=£ le2x _e—2x_2x:|
4|2 0
T 1 2 1 2 2 1 0 1 0 2
=—||—e"——e " =2(1) |-| —e — -2(0
4_(2e 2 ()j (26 2e ()H
=z lez—lez—2j
4\ 2 2
—2(62—6_2—4)
8e (e —4¢° —1) as required
11a J. 2 dx=2J.sechxdx
cosh x
=2[2arctan(e")}+c
:4arctan(ex)+c

b J.sech 2xdx = %[2 arctan (e“ )] +c

= arctan (ez" ) +c

[ J1-tanh? [ﬁjdxz [ [sech? (ijdx
2 2
:Isech(ijdx
2
1 x
=Tx2arctan[62]+c
3)

=4 arctan Eez j +c
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12a [xcosh’ (x*)dx
Letu=x'= 3% -2y = du=2x dr
dx
[xcosh? (x*)dx = %J-2xcosh2 (x*)dx

= lJ.cosh2 udu
2

:lj(e“ J;eu Jz du

:Ie +e” du

1 _ 1
:—ez” ——e M +—u+c

16 16 4

=L(e2“ ‘2”)+iu+c

:lsinh2u+lu +c
8 4

:lsinh2x2 +lx2 +c
8 4

b [ )

Letu:x23%22x:du:2xdx

h2 '[xsechz (xz) dx

cos

jxsechz (xz) dx = %jbcsech2 (xz) dx
:%Jsech2 udu
=%tanhu+c

1
=—tanhx’ +¢
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